1

2

10

11

12

13

14

15

16

Paradoxes and Self—Reference

Floris T. van Vugt*
floris.van.vugt@ens.fr

June 2, 2008

1 Paradoxes

1.1 Truth and the problem of paradoxes

In the first approximation, a reasonable requirement on the definition of truth
seems that a sentence such as “[p] is true”! has the same truth conditions
as p itself, i.e.

[p] is true < p, (1)

which we call the T—equivalence for p.

Tarski’s Convention T is the philosophical position that these, called T—
equivalences, for all sentences p, not only derive from the conceptual content
of “truth,” but are also all there is to it[5](1).

The infamous Liar paradox consists in a sentence, called A, which is “A
is false,” i.e. A = =Tr[A]. It yields the following problem: if we substitute A
for p in the T—equivalence, we obtain (Tarski 1936):

[A] is true «» A < [A] is false

The problem is that if the above holds, then saying that A is true, or that
it is false, is equally problematic.

Formally, given a language £, which is sufficiently strong, so that it can
encode its own syntax in much the same way as Godel encoded arithmetic

*Research project supervised by Denis Bonnay, Département d’Etudes Cognitives,
Ecole Normale Supérieure Paris, denis.bonnay@ens.fr

'Here [p] represents the name of the sentence p. In the rest of this paper, for notational
convenience p and [p] will be used interchangeably.
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in arithmetic itself, then there can be no L—formula Tr(x) which defines the
set {[¢]|¢ is true in L} (where [¢] denotes the formula that encodes the
sentence ¢) i.e. a formula which is true of (the codes of) all true sentences
and false of the false ones[13].

This is quite problematic, for truth is a fundamental concept in philo-
sophical discourse, or the scientific enterprise for that matter. In particular,
as McGee[10] remarks, it is difficult to imagine a concept more crucial to
understanding the relationship between language and the outside world than
truth. Therefore, it is imperative to find a concept of truth that is clear,
coherent and that avoids paradoxicality such as that resulting from the liar
sentence.?

1.2 Proposed solutions

1.2.1 Tarski

Tarski’s solution is to start from the target language, Ly, and introduce
another language, L; which contains a (coding of) all sentences and a truth
predicate Trq for Ly, i.e. a predicate that is true of all (codes of) sentences of
Lo and false of all other elements. Similarly, one can define L, which contains
a truth predicate Try for L; and so on.

This makes formulation of A impossible, for in this framework it would
have to be of the form —Tr,[A] for some n € N, which is, because of the
occurrence of Tr,, a sentence of L, 1, therefore A would have to be a sentence
of L,,, which contradicts the occurrence of Tr,.

However, this solution remains unsatisfying. From a linguistic point of
view, it is counterintuitive that one would be talking in and switching be-
tween different languages in the proposed hierarchy, each of which does not
contain a truth predicate for itself.

1.2.2 Kripke

On the basis of this observation, Kripke[8] endeavoured to find a way in which
a language could contain its own truth predicate by adding a “neutral” truth
value. That is, sentences are allowed to be, in addition to true or false,
simply neither of the two. Kripke then shows that there is a possibility
of constructing a truth predicate that satisfies all the T—equivalences. In

2There is an interesting parallel with Russel’s Paradox that shook the foundations of
set theory, which is a similarly crucial notion in mathematical reasoning. A solution was
needed in the form of a new set theory that avoided the paradox and could yet be agreed
upon by the mathematical community as a meaningful basis, a role Zermelo-Fraenkel
eventually came to fulfill.
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particular, A is no longer problematic if we consider it neither true nor false.

On the contrary, sentences that are true or false are said to be grounded.?
Clearly, Kripke is committed to explaining how a truth predicate can be

defined so that contradictions like the liar paradox and all others are avoided.

1.2.3 Leitgeb

Another approach is offered more recently by Leitgeb[9] who retains the
classical scheme (i.e., disallowing neutral truth values) but argues that the T—
equivalences should not be required to hold for all sentences|7]. In particular,
it should only hold for sentences that are said to be grounded.

Leitgeb’s commitment is to provide a criterion that decides which T—
equivalences hold, and in particular it is desired to be such that it rules
out all the problematic sentences and leaves as many of the others in as
possible. McGee|[11] has shown that taking simply this restriction, the kinds
of candidate sets of grounded sentences is virtually unrestricted. Therefore
a more restrictive definitionis required, for which Leitgeb employs the notion
of dependence.*

1.3 Problem statement

Informally, groundedness is based on a notion of reference[6], for grounded
are those entences that either not contain the truth predicate at all, or where
the sentences to which they apply the truth predicate can be traced back
to non-semantic states of affairs: therefore, sentences that do not refer to
themselves|[14].

For instance, a sentence that says “[2+2 = 4] is true,” formally Tr[2+2 =
4], refers to 2+4+2=4 which is a “non-semantic state of affairs,” hence the
sentence is grounded. Similarly, “[[2 4+ 2 = 4] is true] is true,”, refers to
2+-2=4, although indirectly, but therefore it is also clearly grounded. On the
other hand the liar sentence, A, refers to itself, which implies an infinite chain
of sentences that refer to the next that never reaches a ground, hence A\ is
not grounded.

Both Kripke’s and Leitgeb’s approach use this notion of groundedness.
Therefore, one would expect that they agree about which sentences are
grounded.

3More precisely, Kripke calls grounded those sentences that are true or false in the least
fixed point (cf. section 2.1). This is essential, for sentences like the truth teller 7, which
says “[7] is true,” although not paradoxical, are intuitively not grounded, although they
can take a truth value in a non-least fixed point[5].

4cf. section 2.2.
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Although they agree about the above examples, Leitgeb[9]° shows that
this is not the case in general. The purpose of this present paper is to find
which parameters cause this difference, so as to find by which adaptation of
either approach an agreement can be reached.

2 Groundedness

Now the approaches of Leitgeb[9] and Kripke[8] will be looked at in formal
detail.

2.1 Kripke

Given a classical® language £ rich enough to allow its own syntax to be
expressed in it. Let i, interpret £ into a domain D by the usual rules. Tr(x)
will be the truth predicate, which will be interpreted by a partial function
ity : D ~~{0,1}, to form the language L.

Supposing we have a set E C D of (codes of) Lr,—sentences that are
considered true, and similarly A C D for false sentences, then the i, can be
extended to cover all of L1, in the following way:

1 ifde E
iy ma)(Tr)(d) = 40 ifde A 2)
1 otherwise

and the semantic values of other formulas involving Tr are defined by means
of Kleene’s strong three-valued logic.
Given L1,(F, A) we can find
Jga = {6 € Lo is true under iz, (5.4} (3)

def

J(E,A) = {¢ € Ln|¢ is false under iz, g4y} (4)

For notational convenience, given any set £ C L. a “set of negatives” is
defined: =E = {¢|-¢ € E}. Since L1 (E, A) is a closed language, we find
that J(’E’A) = =J(E,4).

If we generalise the above procedure we find a sequence (Eg)acon as
follows: Ey =0, Ea1 = Jg, -k, and Bz = Ua<,@ E,.

The monotonicity of the sequence (Fy)acon together with the given that
the class of sentences is a set yields that there is a fixed point, hence a
smallest one, which we will call F,.

5¢f. section 2.3.
6i.e. two—valued
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A sentence ¢ of L1, is defined to be grounded if it has a truth value (i.e.
true or false) in L1.(Es, " Fs). Hence ¢ is grounded iff ¢ € E U —F..

2.2 Leitgeb

Leitgeb employs a similar construction, with a classical language £ that will
be enriched with a two—valued truth predicate Tr to form Lt.. If ¢ € Ly
then Valy (¢) denotes the truth value in the standard model of arithmetic
enriched with a truth predicate which has extension ¥ C L1, (and due to
totality the anti—extension is the complement of ®). This is to say, ¥ is the
set of sentences that we assume to be true.

We define that ¢ depends on ® C Ly iff for all ¥y, ¥y C L1, we have
that if Valy, (¢) # Valg, (¢) then ;N ® # UyNP. Then Leitgeb shows that
Dy = {® C Ln|¢ depends on @} is a filter. If D, has a least element ®, we
say ¢ depends essentially on ®.

Similarly D~1(®) < {¢ € Lx|¢ depends on ®}. Leitgeb shows D! to
be monotonic, and for any ®, D~!(®) is an algebra.

We define an ordinal sequence (®,)acon as follows: &g = 0, ®, =
D7Y(®,) and &3 = |J,.45 Pa- Due to Tarski’s Fixed Point Theorem, there is
a least fixed point of this sequence that we will call ®y;.

A sentence ¢ is grounded iff ¢ € @7

Clearly, the sequence (P, )acon does not distinguish true and false sen-
tences,therefore, Leitgeb[9](171) also introduces the derived sequence: I'y =
(Z), Fa+1 = {¢ S <I>a+1|\/a1pa (¢) = 1}, and Fﬁ = Ua<,6 FQS.

2.3 Comparison of Kripke and Leitgeb

However, Leitgeb[9](185) shows that of the sets of sentences grounded ac-
cording to his notion and Kripke’s, neither one includes the other. On the
one hand, & = Tr[2 + 2 = 4] V X is grounded according to Kripke but not
according to Leitgeb, as can be shown by the same reasoning as in section
2.4.2. On the other hand, given the liar sentence A, then one can define:
0 = Tr[A] V —Tr[A], then it is grounded according to Leitgeb but not ac-
cording to Kripke.

Clearly 6 is grounded (and true) in Leitgeb’s scheme, since for any predi-

cate P in a two—valued scheme P(z)V —P(x) holds, hence for any ® we have

"Leitgeb[9](169,]lemma 13) that ¢ is ungrounded if, but not only if, there exists a
sequence (¢p)nen+ with ¥, € L1y; Yo = ¢ and for every n € N, ¥,, 1 generates D(¢y,)
and z/Jn+1 € \I/n+1~

8But, as will be shown, this sequence is not the same as Cantini’s, and they do not
even lead to the same fixed point.
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Valg (#) = 1. Therefore 6 depends on @) and also on @y in particular®.

However, Kripke’s system fails to make it grounded. Suppose per assurdo
that 6 € =F.,, this means that =0 € E,. Then Tr[A]| and —=Tr[A], absurd.
On the other hand, suppose 6 € E,,. Since E, is a fixed point of ®, we have
that 6 is true in L1 (Fw, 7Fo), hence either Tr[A] or =Tr[A]. This yields
the usual paradox, since, crucially, all the T—biconditionals hold in Kripke’s
system, also for A. Therefore, one finds Tr[A] <> X «» —=Tr[A]10 !

2.4 Cantini

2.4.1 Cantini’s supervaluation reformulation

These considerations lead Cantini[l] to propose a reformulation that yields
the fixed point £’ that includes #. Instead of Kripke’s approach, here one
uses a classical, two—valued interpretation of Tr.

As in section 2.2, Valy (¢) represents the truth value of the formula ¢
given that the Tr—predicate’s extension is V. A set ¥ C L, will be considered
consistent if whenever ¢» € U, then = € ¥. An operator is defined as, for
all ® C Ly, FV(®) = {¢ € Ln|VT D @, s.t. U is consistent, Valy (¢) = 1},
which is clearly monotonous. Crucially, if ® is consistent, so is FV(®).

A sequence (E!)acon is defined as follows: Ey =0, E!, ., = FV(E,
5 = Uacp Fa- Its least fixed point is called E..

a<f T«

) and

2.4.2 Cantini’s reformulation remains more inclusive

Cantini’s reformulation introduced in section 2.3 succesfully takes away all
counterexamples like 0, for Leitgeb proves that & C E/ U —E’ [9](185).
However, the failure to obtain the converse inclusion, @y 2 E/ U —E._ still
holds because of the mentioned counterexample: 6 = Tr[2 42 = 4] V \.

First of all, Cantini grounds ', because for any ® C Ly, Valg (¢) = 1,
hence 6 € FV(0).'2

9Since @) does not have the closedness properties that languages have (in particular it
is not said that if [pV ¢] € @it then [p] € ®ir V [¢q] € Pyt), from 6§ € P)r we cannot deduce
A € ®jp or =\ € Py

0T hese biconditionals were not required to hold in Leitgeb’s system for X is ungrounded.

A consequence of this reasoning is that Kripke’s “grounded” is not closed under two—
valued logical equivalence, for in the classical scheme, 6 is logically equivalent to any
other tautology, including those that do not involve the truth predicate and hence are
grounded automatically. However, clearly Kripke’s set of “grounded” sentences is closed
under trivalent logical equivalence (where 6 is no longer a tautology), i.e. ¢ € ®j¢ and
¢ <3 1 implies 1 € Py Leitgeb’s set of “grounded” sentences, however, is closed also
under bivalent logical equivalence.

12A1s0 ' € Eo. Clearly, since [2 + 2 = 4] € L, because we start from the model of
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However, Leitgeb shows 6’ ¢ ®y;. The point is that § depends on {2+2 =
4, A} and essentially so: clearly Valpngoio—41) (6) = Valg (¢) for any & and
esentiality follows from that if 8 depends on @, then [2 4+ 2 = 4] € ¢ and
similarly A € ®. But since A € Py, § does not depend on @ and is hence
ungrounded.

2.5 Outline

The main problem adressed in this paper is what will be required on either
side of the equation &y C E! U —E/_ to yield equality.

Section 3 will attempt to “raise” @y to E. U —E’ by presupposing a
minimal extension of the predicate of truth in the notion of dependence. It
will be shown in section 3.3.2 that there are still classes of sentences that
belong to E/_ U —E!_ but not to ®y.

Section 4 shows that if one adds a consistency requirement to the defini-
tion of conditional dependence introduced in section 3 one obtains the same
least fixed point £/ U -FE/_ as Cantini.

These proceedings are summarised visually in appendix 6.

3 Conditional Dependence

3.1 Introduction

Following the discussion of section 2.4.2, it seems an undesirable situation
that [2+2 = 4], Tr[2+2 = 4] € & but Tr[242 = 4|V € Py, for intuitively
it seems the latter is “true” anyway in virtue of the truth of [2 4 2 = 4].
This reasoning leads to the definition of conditional dependence, suggested
by Leitgeb[9](189), in which the attention is restricted to those Wy, Uy that
extend a set of sentences Y that we presuppose as true. Given any ¥ C Ly,

Definition 3.1. ¢ depy(®) = for all Uy, ¥, C Ly s.t. ¥ C Uy, Uy it holds
that Valy, (¢) # Valg, (¢) = U1 NO £ TUyNd

3.2 (General properties
3.2.1 Preliminaries

A number of general properties will now be established in order to show
that the notion of conditional dependence functions along the same lines as

arithmetic, also [2 42 = 4] € J(y9). Since we then close it as a language by Kleene’s
strong three—valued logic, where V(¢,n) = ¢, the neutrality of A doesn’t keep 6’ from being
true. Therefore 0 € Fy, hence 6 € E..
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dependence. These mirror Leitgeb[9](161)’s lemmas 2 and 3.

Lemma 3.1. Under the crucial assumption that ® D X, are equivalent the
following:

1. ¢ deps ()
2. For allX C ¥ C Ly, Valy (¢) = Valyne (6)

3. V\Ifl, \112 C ETr,Z C ‘Ifl, \112 — (Val\pl ((b) = VCLZ\I/Z (¢) = Valq/lmq) (¢) =
Valy,na (¢))

Proof. (1 — 2). Taking any W D X, then clearly W N® D X, so by ¢ depy.(P)
one finds Valy (¢) = Valgny (¢).

(2 — 3). Given Uy, Uy D ¥ then by 2, Valy,ne (¢) = Valy, (¢) and same
for Wy, so the equivalence follows.

(3 — 1). Suppose the contrary of 1, i.e. finding ¥y, ¥y D X, Valy, (¢) #
Valy, (¢) but ¥;N® = U,NP. By the latter fact Valy,ne (¢) = Valy,ne (¢),
which contradicts the former because of 3. O

Lemma 3.2. Filter properties of deps():
1. If ¢ deps,(®), D" DO O then ¢ deps,(P’)

2. If ¢ deps,(®), ¢ deps;(V) and ® D X then ¢ deps,(P N V)

3. ¢ deps, (L)

Proof. 2: Take any ¥;,¥Uy D X. Suppose V1 NO®NY = UyN PNV
By ¢ depy,(¥) and because U3 N &, ¥y NP DO ¥ we have Valy,ne (¢) =
Valy,ne (¢). On a different note with ¢ depy,(®) we obtain Valg, (¢)

Valy,ne (¢) and Valg, (¢) = Valy,ne (¢), therefore Valy, (¢p) = Valy, (¢).
Hence ¢ depy, (¥ N ). O

3.2.2 Formulation of the fixed point

Definition 3.2. Dx(¢) = {® C L|¢ depy(®)}
D5s() £ {® C Ln|® D A ¢ depy(®)}
D3 (¢) = {[¢] € Le|¢ deps (D)}

The reservations in lemma 3.2 make that it is no longer guaranteed that
Dyx:(¢) is a filter. However, its restriction to above ¥, Doy (¢), is.

Analogous to the sequence ®, defined by Leitgeb, one can introduce a
parallel sequence (®AT),con and (I'AT),con. The idea is again that one be-
gins with the empty set, then takes all sentences that depend on it, and so
on, but the difference with before is that at every step we presuppose (i.e.

conditionalise) all grounded sentences that were true in the previous step.
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Definition 3.3. ®5T = (), T3T = 0, ®4T, = Do (®4T), I'AT, = {¢ €

(I)§$1|ValF§T (¢) = 1}7 CI)?T = Ua<,@ @§T7 FST = Ua<ﬁ F§T7

Interestingly, one needs this “double recursion,” where at every step in
the expansion of the dependence set one presupposes all the truths of the
previous step. If we would keep the conditional set ¥ fixed for every instance
of Dgl(), for instance taking the set of arithmetical truths, AT, every time,
then the problem rises that one captures the problematic Tr[2 + 2 = 4| V A
but not Tr[Tr[2 +2 =4]] V \.

Lemma 3.3. For all ®,9', %, C Ly, for all o, € On,
1. If® C ® and X C Y then D' (®) C Dy (P')
2. (a) ®4T C ®4T, and (b) TAT C TAT,

Proof. 2: proven in conjunction with (c) T'4T, N ®AT = T'AT by induction
on a. For a = 0, all three statements are immediate. For a = o/ + 1, (a)
PAT C @41, follows from 1.

To find (c): (C) If ¢ € Tal ., N @4, then also ¢ deprar(PAT). So
1 = Valri\al (p) = Valpgalmq)é; (¢). Because of the induction hypothesis,
Valpar caar (¢) = Valpar (¢), s0 ¢ € T,

(D) If ¢ € TAL, hence Valpar (¢) = 1 and ¢ € 4% ,. Therefore
¢ deprar (®AT) and then Valpar (gzﬁa) = Valpar qgar (¢) = Valpar (¢) because
of the induction hypothesis, and the latter equals 1.

Finally (b) follows from (c) directly. O

Hence, the same argument as before shows that the sequence (®A1),con
has a least fixed point, called ®47T.

3.2.3 Commentary: what about falsity?

It seems that the same argument that led from the observation of the failure
to include phrases like Tr[2 4+ 2 = 4] V A to the notion of conditional depen-
dence, could also lead from failure to include phrases like Tr[2 4+ 2 # 4] A A
to an adapted notion of dependence. This notion should not only specify
which phrases we presuppose to be true, but also those that we presuppose
to be false.

A candidate definition could be: ¢@dep @ VT, Uy, B C Uy, Uy C A°:
Valy, (¢) # Valy, (¢) — U1 NP # UyN D,

However, if one adds a consistency requirement to the notion of depen-
dence, as will be done in section 4, this example is evidently automatically
taken care of as well.
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3.3 Analysis
3.3.1 Conditionalisation of arithmetic

Clearly AT, the codes of all sentences that are true in the standard model
of arithmetic, are contained in I}, which justifies the superscript AT, al-
though, interestingly, the definition has never explicitly mentioned this set.

Also, problematic examples such as Tr[2 + 2 = 4] V A are now included
in 4T, for [2 +2 = 4] € 4T and Valy (Tr[2+2=4]V ) = 1 for any
U o {2+2=4}.

3.3.2 Conditional dependence does not equal Cantini

The question that will be of interest is whether all such problematic examples
have been taken care of. In particular, is ®4T equal to Cantini’s least fixed

point of section 2.4.17 This question will be answered negatively.
def

Given a formula ¢ € Ly, one defines oy, = Tr[¢] A Tr[—=e]. The point
is that o, expresses an inconsistency of the extension of Tr. In particular,
oy = Tr[A] A Tr[—=A] expresses an inconsistency outside ®4T, for A & ®4T.
3.3.3 o\ g T
Lemma 3.4. For any conditional subset > C Lp., anyV C L., and a € On,

1. If N U then A & D5 ()

2. A g @47

5. 0y deps(W) < [, =} C 0

4. o g I

Proof. 1: 1 = Valy () # Valyypy (A) = 0 but ¥ N ¥ = ¥ (by assumption)
and (XU{A})NW¥ = ¥ because A € ¥, so A does not depend Y—conditionally
on U. 2: if A € ®AT | then, since it depends on itself, A € P2 but A & (. 3:
(<) {¢, ¥} C VU implies that o, depends on ¥ even without a conditional
set, so in particular also with any ¥. (—) Suppose, ©» ¢ ¥ then we find
Val\pu{ﬂw} (O’lp) = O 7é 1 = Val\pu{ﬂ/m/,} (0’¢) although (\I’ U {_ﬂb}) N \If =
(W U{¢, p}) N . The case =) € ¥ is symmetric. O

3.34 o0, € E(/)O U —|E(/)O
Lemma 3.5. For any ¥, ® C Ly,
1. If U is consistent, Valy (moy) =1

10
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2. —oy € FV(®)
3. 0y € _|E(/)o

Proof. 1: Suppose Valy (moy) = 0 then Valy (0)) = 1 hence A € ¥ and
=\ € VU, absurd. O

Therefore, o, is an example that is in E/_ U —E’_ but not in 4T, hence
E'_U-E' ¢ ®AT
3.4 Removing consistency requirement

The reasoning of section 3.3.4 shows that the consistency requirement in
Cantini’s formulation is the essential reason why o) is always in the image
of FV, so one could wonder whether if we take out that restriction, the
newly obtained fixed point, +FE” | equals Leitgeb’s conditional fixed point

(oo}

AT, Instead of FV one then uses for & C Ly, FV/(®) = {¢ € Lp|VT D
®, Valy (¢) = 1}.

In this section it will be shown that this adaptation makes +FE” too
exclusive, for then there are sentences like o994 = Tr[242 = 4] ATr[242 #
47, whichexpress an inconsistency inside ®4T, that are no longer included,
although they are in ®{7T.

3.4.1 09.9-4 € DT

Lemma 3.6. For all> C ¥ C Lo,
1. {24+2=4,2+2+#4} C D(V)
2. If {2 + 2= 4, 2 + 2 % 4} C (I), then 092192=—4 € Dil(q))

3. 09494 € (I)ﬁcT

3.4.2 0924+92—4 g :i:Ego

Lemma 3.7. For any consistent ® C L,
1L If{2+2=4,2+244} ¢ ®, then o9y & FV(P).
2. {242=42+2+£4} ¢ FV(D)
3. For all « € On, oy19-4 ¢ E,

4. m0949-4 & FV((D)

11
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5. For all a € On, —0949-4 ¢ E,
6. 09p9-4 & £E,

Proof. 1: follows from Valg (0912-4) = 0. 2: [2 + 2 # 4] will never be in
any FV'(®) for it is false regardless of the extension of the Tr—predicate. 4:
L1 D ® and Valg,, (mo249-4) # 1. O

3.5 Role of the T-schema
3.5.1 Tr[¢] —

Following interest in the status of T-biconditionals, one can examine the
status of the following family of formulas:

Definition 3.4. wy, Ty [V] —

Behaviour of this phrase is determined by the exact contents of ¢. For
instance, if ¢ € £ and v is true, then clearly w, is a tautology in Ly, so it
depends on (), and similarly if it is false then it depends on 1.

Taking ¢» = A, we find that wy = Tr[A] — A = Tr[A] — —Tr[A] is
equivalent to A\. Hence, following the reasoning of section 3.3.3, it depends
essentially on {\}, hence wy ¢ ®4T.

Lemma 3.8. For all consistent W C L1,

~

Valy (wy) =1 A g W

2. wy € FV(V) - -AeVV TrA]l eV
3. —wy € FU(P) < A e W

i pe By~ Tl¢) € Bl

5. wy ¢ El_ U-E/

Proof. 2: (—) If the consequent is false, then W U{\} is a consistent superset
of ¥ but Valyupy (wa) = 0. 3: (=) ~wy € FV(¥) requires Valy (—wy) = 1
which can only be if A € ¥. 4: (—) taking any ¥ D E’_ then by assumption
¢ € ¥, hence Valy (Tr[¢]) = 1. (<) suppose ¢ ¢ E._, then Valg,_(Tr[¢]) =
0 contrary to the assumption. 5: using that {\, =A}NE. = 0. From A & E_
follows, due to 4, Tr[\] € E/_. O

To sum up, wy € ®4* and wy ¢ E/_ U -E'_
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3.5.2 Membership is not truth in F’/_

Cantini[1] shows, wy is true in E’_, although in section 3.5.1 it is shown w)
is not a member of E/_.

Therefore it becomes clear that “being true in £’ ” is not the same thing
as “belonging to E/_.” The latter implies the former, because ¢ belonging
to B/ means ¢ being true under a truth predicate extending E’_, i.e. for all
U D E’_, Valy (¢) = 1. However, the inverse is not the case. For instance, A
is true in E’_, since it is =Tr[A], but it is not a member of E/_. Similarly,
Tr[A] — A is true but not Tr[A] — A € E/_.

3.5.3 1 — Tr[y]
Definition 3.5. wip - Tr (]

Again, the status of w, is determined by . If ¢ € £ and false, then wy,
depends on 0, if true, then w, depends on {¢}.

Reasoning analogous to lemma 3.8 leads to w} & 4T, W\ & B/ U—E’_.

However, the full T-schema for A, i.e. wyAw) is an outright contradiction,
Tr[A] <> =Tr[\], hence its negation is false under any extension of Tr'® and
therefore it is found in E/_ U —FE’_. Also, being an antilogy, it depends on ()
and therefore wy A w) € Py, P4T.

4 Dependence with Consistency and Condi-
tionality

4.1 Introduction
4.1.1 Preliminaries

The strategy of section 3.4 was to remove the consistency requirement in
Cantini’s formulation. However, it became too restrictive to yield equality
with Leitgeb’s ®47T.

The approach in this section is to add a requirement of consistency on
the other side, that is, to Leitgeb’s definition of conditional dependence, to
arrive at what will be called conditional c—dependence.

Leitgeb[9](180) also considered adding this consistency requirement but
decided not to so as to keep the theoretical assumptions of his notion of
dependence minimal. It is nevertheless introduced here in order to find out
if this is the missing ingredient for equality with Cantini’s E/_ U —-E’_.

13Tn particular, not just in any consistent extension, but this is not used in the reasoning.
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Definition 4.1. ¢ cdepy(®) = for all consistent W1, ¥, D % : Valy, (¢) #
Val% (¢) — \Ijl Nno 7& \Ifz Nno.

Lemma 4.1. Again, the following are equivalent, under the crucial assump-
tions that ® D X and that X is consistent:

1. ¢ cdeps (D)
2. For all consistent W D X, it holds that Valy (¢) = Valyne (¢)

3. For all consistent V1, Vs C Lo, such that X C Vi, Vy: Valy, (¢) =
Val\p2 (¢) = Val\plmp ((b) = Val\p2mcp <¢)

Proof. (1 — 2) Clearly W and ¥ N & are consistent supersets of 3, so the
argument is the same as before. Il

Lemma 4.2. Filter properties of conditional consistent dependence, assum-
ing that 3 1s consistent:

1. If ¢ cdeps,(®), D" D @ then ¢ cdeps,(P')
2. If ¢ cdeps: (D), ¢ cdeps,(V) and & D X then ¢ cdeps, (P N V)
3. ¢ cdeps,(L )

Definition 4.2. D.x(¢) = {® C Ly|¢ cdeps(P)}
Dgz( ?) = {l¢] € Lrx|p cdepy (D)}

4.1.2 Fixed point construction

We define the parallel ordinal sequences exactly as in section 3.2.2, to grow
to the least fixed point:

Definition 4.3. &5 = 0, oA = 0, @Zflr =D~ ;C ar (@EAT), Fiﬂ ={p e
CA c, Al c c,A c,
ST Valpear () = 1}, 85T = |, 95T, TG T U T

a<f( a<f "«

The proof of monotonicity is omitted, for it will be proven that the se-
quence equals Cantini’s, which is already known to be monotonic. For the
moment, one can assume a fixed point will be reached, called ®}; AT

Interestingly, there is a redundancy in the double recursion, Wthh makes

that it could have been defined as a single one:**

Lemma 4.3. For all a € On, ®547 = £T¢AT

14This redundancy holds also for dependency without conditionality.

14



411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

431

432

433

434

436

437

438

439

440

441

4

S

2

Proof. 1t will be used that =1 cdepy,(®) < ¥ cdepy,(P).

Taking o = o/ + 1. (C) Suppose ¢ € d)gffl but ¢ & Fz’,Afl. This means

that Valpear (¢) = 0, which implies that Valcar (—¢) = 1, hence ~¢ € TS
S0 ¢ € ﬁFi’,’iTl. (D) Suppose ¢ € iFgﬁTl. If ¢ € F;’ffl then one is done,
otherwise —¢ € FZ{’,‘iTI. So —¢ € CDE’,’:TU which means —¢ Cdech,AT(CI)Z’,A T, so
one obtains ¢ € CIDZ’,AJ‘FTI. O

Corollary 4.4. If V D I’ZCJ;AT and ¥ is consistent, then W N CI)Z;AT = FZ;AT

As a result, the following is an equivalent formulation using single recur-
sion:

a+1
1} = AN, TG = Uaep T

a<f "«

Definition 4.4. T{™ = 0, T2 = {¢ € D[ o (£15Y)[Valear (¢) =

and here it seemed elucidating to introduce an operator A.() to represent
the recursion.

4.2 Comparison with previous paradigm

What results from the difference between the notion of conditional depen-
dence of section 3 and the notion of conditional c—dependence that includes
a consistency requirement?

Clearly ¢ depy,(®) — ¢ cdepy,(®) but not the converse. In particular, it
has been shown that oy = Tr[¢| A Tr[—¢] depends essentially on {1, =1},
but it c—depends on (), since it is always false if the extension of Tr is consis-
tent.

4.3 Reconciliation of Leitgeb and Cantini fixed points

In this section it will be shown that ®3*" = E/ U —F’_: that, informally
speaking, indeed Kripke’s notion of groundedness in Cantini’s formulation is
equal to groundedness on the basis of conditional c-dependence.

A key role in the proof is performed by lemma 4.5, which explains that
Cantini’s supervaluation operator F'V on a set ¢ can be identified with con-
sistent ®—conditional dependence on the set +®. A similar result cannot be
obtained with a notion of dependency that does not include consistency, for
then the maximality of ® in £® does not hold.

Lemma 4.5. For all consistent ® C Lp. and ¢ € Ly,
¢ cdepy(£P) — ¢ € £FV(P)
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Proof. (—) take any consistent ¥ O ®. It will be shown that Valy (¢) =
Valg (¢) which is sufficient. Clearly ¥ N +® = ®, because V is consistent.
Then Y N+d = dN+d = &, so the dependency yields Valy (¢) = Valg ().

(«) if ¢ € £FV(P), clearly given any consistent ¥ O & one finds
Valy (¢) = Valg (¢), which means ¢ cdepg () so in particular one also finds
¢ cdepg (£P). O

Corollary 4.6. For any consistent ® C L., A(P) = FV(P)

Proof. By definition A.(®) = {¢ € D_3(£®)|Vals (¢) = 1}. Using lemma
4.5, one can rewrite A (P) = {¢ € £FV(P)|Vals (¢) = 1} which again equals
{¢ € FV(®)|Vals (¢p) = 1} U{¢p € —-FV(®)|Valg (¢) = 1}. The first term
{¢ € FV(®)|Valg (¢) = 1} = FV(®), for if ¢ is consistent, then ¢ € FV(P)
implies Valg (¢) = 1. Similarly, the second term {¢ € =FV(®)|Valg (¢) =
1} =0, for =¢ € FV(®) implies Valg (¢) = 0. O

Theorem 4.7. For all « € On, ®¢4T = £E' and 4T = E!,.
Proof. Immediate from defintion 4.4, lemma 4.3 and corollary 4.6. O]
Corollary 4.8. @Z;AT =E_U-E!

It is interesting to note that a stronger result has been proven than ini-
tially set out for: namely that not only the fixed points arrived at by Cantini
and this dependency notion adapted from Leitgeb are the same, but also
that every step of their construction is equal. This could lead to identify the
which elements of these constructions are each other’s counterparts.

4.4 Only consistency

One could ask if only adding the consistency requirement to Leitgeb’s notion
of dependence would have been enough to reach equivalence with Cantini’s.
However, sentences like 8" = Tr[2 + 2 = 4] V A will still not be grounded,

although they are so according to Cantini’s notion!®.

5 Conclusion

5.1 Review

In this paper the notions of groundedness as introduced by Kripke and Leit-
geb have been compared.

15¢f, section 2.4.2.
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It is shown that only when adding both a conditionality requirement and
a consistency requirement at the same time to Leitgeb’s notion of depen-
dence that the resulting set of grounded sentences becomes identical to those
following from Cantini’s reformulation of Kripke’s notion of groundedness.

An interesting question is what causes this equality. In particular, where
exactly in Cantini’s formulation does one find the counterparts of condition-
ality and consistency as used in the definition of dependency? For consistency
the answer is not as clear as it seems, for although it appears overtly as a
similar construction, it does not play the same role in Cantini’s formulation,
for section 3.4 shows removing it there yields a more restrictive notion of
groundedness than Leitgeb’s.

Widening our horizon, does this convergence reasonable suggest that we
have found “the one right” set of grounded sentences? This remains to
be seen, for it is not unimaginable that a similar reasoning could adapt
Cantini’s formulation to equal Leitgeb’s original notion of dependency. On
the other hand, the fact mentioned above that similar concepts do not play
the same role in both formalisms indicates that we are faced with a more
intricate interplay of parameters that perhaps only in a few, or even one rare
constellation provide coherent notion of groundedness.

5.2 Future research
5.2.1 Necessary groundedness

As mentioned above, it would be interesting to see if the adaptations of
Leitgeb’s notion of dependency can be inversely applied to Cantini’s so as to
“lower” it to eventually equal Leitgeb’s original formulation.

As part of this project such has also been attempted, taking the intersec-
tion of the fixed points resulting from Cantini’s supervaluation based on any,
not just the standard, interpretation of the arithmetical language. Formu-
lated as such, it failed for exactly the same reason as conditional dependence
failed,' but in the future a better formulation might be found.

5.2.2 Aboutness

Furthermore, if indeed we are faced with a correct notion of groundedness, it
is expected to be a special case of a general theory of “aboutness”[12][3][4][2],
in which groundedness would be “about non—semantic states of affairs.” It
would be interesting to see how precisely one obtains Leitgeb’s and Cantini’s
formulation from such a theory.

16That is, the existence of oy as in section 3.3.2.
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